EIGENVALUES OF CONGRUENCE COVERS OF 
GEOMETRICALLY FINITE HYPERBOLIC 
MANIFOLDS 
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Abstract. Let G = SO(n, 1)° for n > 2 and T a geometrically 
finite Zariski dense subgroup of G which is contained in an arith- 
metic subgroup of G. Denoting by T(q) the principal congru- 
ence subgroup of r of level q, and fixing a positive number Ao 
strictly smaller than (n — l) 2 /4, we show that, as q — > oo along 
primes, the number of Laplacian eigenvalues of the congruence 
cover r(<7)\HP smaller than Ao is at most of order [r : T((7)] c for 
some c = c(Ao) > 0. 



1. Introduction 

Let G denote identity component of the special orthogonal group 
SO(n, 1) for n > 2. As well-known, G is the group of orientation 
preserving isometries of the real hyperbolic space HP. Denote by A 
the negative of the Laplace-Beltrami operator of HP. On any com- 
plete hyperbolic manifold M of dimension n, A acts on the space of 
smooth functions on M with compact support and admits a unique ex- 
tension to an unbounded self-adjoint positive operator on L 2 (M). We 
denote by a(M) its spectrum of M. For instance, cr(HP) is known to 

be[^,oc). 

There exists a torsion-free discrete subgroup T of G such that M = 
r\H n . The limit set A(T) of T is the smallest non-empty closed F- 
invariant subset of the geometric boundary of HI™. The convex core 
C(M) of M is the quotient by T of the smallest convex subset of HP 
containing all geodesies connecting points in A(T). We say that M (or 
T) is geometrically finite if the unit neighborhood of C(M) has finite 
volume. Geometrically finite manifolds are natural generalizations of 
manifolds with finite volume. 

For a geometrically finite hyperbolic manifold M of infinite volume, 
Lax and Phillips [11] showed that a(M) is the disjoint union of the 
discrete spectrum consisting of finitely many eigenvalues contained in 
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[0, a ) with finite multiplicities and the essential spectrum which is 

a closed sub- interval of [ ^"~ 1 - > , oo). 

In this note, we are interested in the number of discrete eigenvalues 
of a sequence of congruence covers of a fixed hyperbolic manifold, which 
itself is a covering of an arithmetic hyperbolic manifold of finite volume. 

Let G be defined over Q via a Q-embedding G — > GL^ for some 
positive integer N. We set G(Z) = G n GLat(Z). Fixing a subgroup 
T of G(7i), and a positive integer q, we consider the g-th principal 
congruence subgroup T(q) of T given by 

T(q) : = {7 G T : 7 = e mod g}. 



We denote by 5 = <5(r) the critical exponent of T, i.e., the abscissa 
of convergence of the Poincare series V(t) = 5^ 7gr e - *^ ' 7 ^ for o E 
HP. In the rest of the introduction, we assume that T is torsion-free, 
geometrically finite and Zariski dense in G. For a fixed < A < ^ n ~P , 
denote by 

A^(A ,r(g)) 

the number of eigenvalues of r(g)\IHI n contained in the interval [0, Ao], 
counted with multiplicities. Here is our main theorem: 



Theorem 1.1. There exists rj > such that for any < Aq < 



(n-l) 2 



jV(Ao, T(g)) [r : T(g)] 1 for any q prime, (1.2) 

where < sq < n — 1 such that Ao = sq(u — 1 — so) and t/ie implied 
constant depends only on Ao- 

In [8], Hamenstadt showed that the number of eigenvalues of r\HP 
smaller than Ao is bounded from above by c Vol (c(r\H n )) f Qr some c > 
depending only on the dimension n. In case when T is a lattice, a 
stronger upper bound of c- Vol(r\H n ) was previously known by Buser- 
Colbois-Dodziuk [I]. 

Since T(g) is a normal subgroup of T of finite index, the limit set of 
T(g) is equal to the limit set of T, and hence 

Vol(C(r(g)\H")) 

Voi(c(r\H«)) [ ■ igjJ ' 

Therefore Theorem 11.11 implies the following stronger upper bound for 
congruence coverings of an arithmetic manifold r\EI n of infinite vol- 
ume: as q — > 00 along primes, 

A/-(A ,r(g)) <&Vol(C(r(q)\W))^. (1.3) 
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Remark 1.4. (1) We can relax the restriction on q so that q is 
square-free with no divisors from a fixed finite set of primes. 

(2) As r(g) is geometrically finite, the discrete spectrum of r(g)\H ra 
is non-empty only when 5 > ^^p, in which case, 5(n — 1 — 5) is 
the smallest discrete eigenvalue and has multiplicity one [2"Tj . 

(3) In our proof of Theorem 11.11 V can De taken to be any number 
smaller than the uniform spectral gap 

liminf (5 — s lq ) 

q: primes 

where s\ q < 5 is such that s\ q {n — 1 — s\ q ) is the second small- 
est eigenvalue of r(g)\H n . The existence of a positive uniform 
spectral gap follows from the works of Bourgain-Gamburd [2] 
and of Bourgain-Gamburd-Sarnak [I] for n = 2. Their result 
has been generalized by Salehi-Golsefidy-Varju [16] for a general 
connected semisimple algebraic group. These methods do not 
provide an explicit estimate on rj. However for 5 large, Gam- 
burd [7J (n = 2) and Magee [12] (n > 3) gave a lower bound 
on rj when T is contained in certain arithmetic subgroups of G. 
For instance, according to [TJ, if T is contained in SL 2 (Z) and 
5 > §, then rj> 5—~. 

Note that any finitely generated subgroup T of SL 2 (M) with S > is 
geometrically finite, and Zariski dense in SL2QR). If T is contained in 
SIj2(Z), the strong approximation property of Zariski dense subgroups 
( [T3] and [15]) implies that T(g)\r is isomorphic to SL 2 (F g ) for all but 
finitely many primes p. Hence [r : T(q)] = # SL 2 (F 9 ) <^ q 3 . 

Therefore we deduce from Theorem 1 1 . 1 1 and the above remark 1.4.(3): 

Corollary 1.5. Let T < SL 2 (Z) be a torsion-free finitely generated 
subgroup with S > |. Then for any 1/2 < sq < 5, 

18Q5-sq) 

Af(so(l — s ), r(g)) q 65-5 for any prime q. 

For the following discussion, we find it convenient to put p = 
and to use the parametrization A s = s(n — 1 — s) so that 

[0,^) = {X s :se(p,n-l]}. 
For each s G (p, n — 1), we denote by 

m(s,T(q)) 

the multiplicity of X s occurring as a discrete eigenvalue of A in r(g)\HI n . 
Note that 

M( So ( n -l- So ) iT ( q ))= rn{s,T{q)). 

SQ<s<n—l 



4 



HEE OH 



In the influential paper of Sarnak and Xue |18| . a conjecture for the 
upper bound of m(s,T(q)) is formulated for arithmetic groups of a 
connected semisimple algebraic group G defined over Q. In our setting 
of G = SO(n, 1)°, their conjecture can be stated as follows: 

Conjecture 1.6 (Sarnak-Xue). If [G(7*) : T] < oo, then for any fixed 
s G (p, n — 1], as q —> oo, 

(n — l) — s 

m(s,T(q)) <C e [r : T(q)\ p e for any e > 0. 

Fixing o G HP and denoting by al the hyperbolic distance in HP 1 , 
consider the lattice point counting function: 

N(T,q) := #{ 7 G T(q) : d( 7 (o), o) < T}. 

Conjecture 1.7 (Sarnak-Xue). Let [G(Z) : T] < oo. For any T > 1 

an<i g ^> 1, 

e (n-l+e)T 

AT(T, q) < £ rr + e" T for any e > 

where the implied constant is independent ofT and q. 

Sarnak and Xue proved that if T is a uniform lattice in G, then 
Conjecture 11.71 implies Conjecture 11.6} in fact, their methods prove a 
stronger statement that the same upper bound works for jV(s(n — 1 — 
s), r(g)) as well. This implication has been extended to all lattices in G 
by Huntley and Katznelson [9]. Sarnak and Xue [18] proved Conjecture 
1 1.71 when T is a cocompact arithmetic subgroup of SO(n, 1) for n = 2, 3 
and hence settled Conjecture 11.61 in this case. 

In view of the conjectures (\1.6\i and (11. 7p and the above discussion, 
we pose the following two conjectures: let T < G(Z) be geometrically 
finite and Zariski dense in G. 

Conjecture 1.8. For any s G (p,S], 

Af{s{n - 1 - s), T(q)) < e [T : T(q)]^ +e for any e > 0. 

Conjecture 1.9. ForT > 1, 

e (S+e)T 

N(T, q) < e rr rf + e pT for anye>0. 
Proposition 1.10. Conjecture \1.9\ implies Conjecture \1.8i . 



Note that Conjecture 11.81 implies the following limit formula, which 
is also suggested by the Plancherel formula of L 2 (G) given by Harish- 
Chandra: 
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Conjecture 1.11. For any s G (p,S\, 

Hm Af(s(n-l-s),T(q)) = Q 
1^00 [r : T(q)] 

Conjecture 11.111 is known to be true if T is a co-compact lattice 
by DeGeorge and Wallach [5] or if T = SL 2 (Z) by Sarnak [17J. It does 
not seem to be known for a general (arithmetic) lattice, although Savin 
proved it for those s whose corresponding eigenfunctions are cusp-forms 
[19] . We also refer to [6] where an analogous problem was answered 
positively for F = SL n (Z). 

The proof of Conj ect ure 1 1 . 6 1 by Sarnak- Xue [T8] for co-compact arith- 
metic lattices of SO(2, 1) and SO(3, 1) uses number theoretic arguments 
which give a very sharp uniform upper bound (Conjecture IX . 7j) for the 
number of lattice points T(q) in a ball, using explicit realizations of 
arithmetic groups as units of certain division algebras over number 
fields. The presence of p in the denominator of the exponent in Con- 
jecture [L6] (Theorem for the cases in discussion) is due to the sharpness 
of this counting technique. 

This approach won't be possible for general Zariski dense subgroups, 
as such an explicit arithmetic realization is not available for this rather 
wild class of groups (which makes one wonder that Conjecture 11.91 is 
perhaps too bold). 

Instead, we use a recent work of Mohammadi and the author [T4] 
where uniform counting results for orbits of r(g)'s were obtained with 
an error term. 

Another important ingredient is the so-called Collar Lemma on uni- 
form estimates on the size of eigenfunctions away from flares and cusps 
of r(g)\HP; this was first obtained by Gamburd in [7] for SO(2, 1) and 
generalized by Magee [T2] for all SO(n, 1). 

2. 

In the rest of this paper, let V be geometrically finite and Zariski 
dense, with 5 > (n— 1)/2. We continue notations from the introduction. 

2.1. Lattice point counts. As before, set 

N(T,q) := #r(?)n5 T 

where B T := {g G G : d(g(o), o) < T}. 

We first recall the following lattice point counting theorem in [TJ]: 
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Theorem 2.1. There exists r] > such that for any prime q, 

N(T,q) = c- - +0(e^ r ) for all T » 1 
[T : r(g)] 

where both c > and £/ie implied constant are independent of q. 

We remark that the above type of lattice point counting theorem is 
stated in [H] under a uniform spectral gap hypothesis. However since 
Bt is a bi-i^-invariant subset, one needs only a uniform spherical spec- 
tral gap in proving Theorem 12.11 And the uniform spherical spectral 
gap property for L 2 (T(g)\IHI n ) for q primes follows from (16] by the 
transfer principle from combinatorial spectral gap to an archimedean 
one, obtained by Bourgain, Gamburd and Sarnak [3] (also see [TO] for 
n > 3). 

2.2. We identify H n = G/K for K = SO(n) and denote by o G M n 
whose stabilizer is K. Fix a Haar measure dg on G. This induces an 
invariant measure on T(q)\G for which we use the same notation dg by 
abuse of notation. The right translation action of G on L 2 (T(q)\G, dg) 
preserves the measure dg, and hence yields a unitary representation of 
G. Let C denote the Casimir operator of G. The action of C on K- 
invariant smooth functions on G is given by —A. For each s G (p,S], 
we denote by n s the spherical complementary series representation of 
G on which C acts by the scalar — X s . Then the multiplicity m(s, T(q)) 
is equal to the multiplicity of 7r s occurring as a sub-representation of 
L 2 (T(q)\G). This follows from the well-known correspondence between 
positive definite spherical functions of G and the spherical unitary dual 
of G. 

Define the bi-i^-invariant function of G: 

^Ps(g) ■= (n s (g)v s ,v s ) 

where v s is the unique infixed unit vector in ir s , up to a scalar. Then 
4> s (g) is a positive function such that for all g G G, 

i) s {g) x e (°-ip)dMo)) (2.2) 

(we could not find a reference for this supposedly well-known fact ex- 
cept for [T3]). 

2.3. Proof of Theorem ll.il We need to show that there exists rj > 
such that for any p < Sq < n — 1, we have, as q — > oo along primes, 

£ m( s ,r(g))«[r : r(g)]^r I , 

s£[so,n—l] 

where the implied constant is independent of q. 
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We follow a general strategy of [18] (also see [7]). 
Consider the following bi-i^-invariant functions of G: 

fo(g) ■= XB T {g)ip S0 {g) and F a (g) := f a * f a (g) 



where xb t is the characteristic function of Bt and f (g) '■= fo(g 1 )- 
By [IS], we have 

( 2(s - P )T -pd(g(o),o) Hd(o,g(o))<2T . . 

F ^«1n " T (2-3) 

I it d(o, g(o)) > 2T. 

The spherical transform / of a bi-i\-invariant function / is given by 

/(A.) = / f(g)Mg)dg- 



Hence 

/ (A S ) = / XB T {g)ip S0 {g)'ips(g)dg 



G 

2 



and the associated spherical transform F (X S ) is given by |/ G (A 
By ( 12. 2p . it follows that for all s > sq, 

F (X S ) » e ^ S0+2s -^ T > e^ s °-^ T (2.4) 

where the implied constant depends only on sq- 

Define the automorphic kernel K q on T(q)\G x T(q)\G as follows: 

Kq(gi,92) ■= F oi.9i 1 ig2)- 

7 er( g ) 

Note K q (g 1 k 1 ,g 2 k 2 ) = K q (g 1 ,g 2 ) for any ki, k 2 G K. 

Let {Xj, q } be the multi-set of discrete eigenvalues of r(g)\H n which 
is finite by Lax-Phillips and let {4>j S } be corresponding real-valued 
eigenfunctions with L 2 -norm one in L 2 (r(g)\H n ). We may understand 
(j)j 7 q as a function on T(q)\G which is right K- invariant. Let Sj tQ G (p, 5} 
be such that A Ji9 = Sj ig (n — 1 — Sj >g ). 

A key technical ingredient we need is the following result of Gamburd 
for n = 2 [7] and of Magee for n general p2] : 

Theorem 2.5. Fix a closed interval I C (p, 8]. There exists a compact 
subset Q C T\l7 and C > such that for any integer q > 1 and any 

Sj,q G J, 



where fl q := 7r~ 1 (fi) /or i/ie canonical projection n q : T(q)\G — >■ r\G. 
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By applying the pretrace formula to K q , we deduce 
K q (g,g)^J2 P o(hMM\ 2 + ^ 

where the term S is the contribution from the continuous spectrum. 
The positivity of F Q yields that £ > 0, and hence 

By integrating over the compact subset Q q of Theorem 12.51 we obtain 
J K q (g,g)dg>C- £ F (X M ). 

Therefore setting / := [s ,5], we deduce from (12.41) the following: 

jf K q (g,g)dg^e^-^ T (jg m( S , T(g)) j . 

On the other hand, using (12. 3p . 

/ K q (g,g)dg= ^ / F (g~ 1 - i g)dg 

Y / F o{9~ l % l iiag)dg 

_T\/ \ ^ T-l / \\ T-l «/ S2 



7Gr(g) 70 Gr(q)\r' 



= [r : r(g)] ■ £ f F (g-^g)dg 

< [r : T(q)] ■ e 2{sa - p)T [ e - pd{x ^ x) d. 



Using the compactness of Q, and Theorem 12.11 we deduce, for some 
R > (depending only on O), 



-2T+R 

p -pd{x a x) dx ^ / e - pt N(T,q)dt 



' x&Q,,d(x^x)<2T 
1 

[r:r( 9 )] 

Putting these together, we have 



v s>s / 



: V{q)\ • e 



. J-2s +26-2r))T 
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Hence by setting T so that e 2T = [T : T(q)] , we deduce 

(£>(s,r(g))j <[r:r( g )]^\ 

as desired, proving Theorem II. 11 

Note that replacing the use of Theorem 12. II by Conjecture [L9] for an 
upper bound of N(T, q) in (12.61) yields 

Af(s (n - 1 - s ), F(q)) « e [T : T(q)}^ + \ 
which is Conjecture 11.81 This verifies Proposition 11.101 
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